This study concerns a situation when measurements of the nonresonant cross-section of nuclear reactions appear highly dependent on the environment in which the particles interact. An appealing example discussed in the paper is the interaction of a deuteron beam with a target of deuterated metal Ta. In these experiments, the reaction cross section for d(d,p)t was shown to be orders of magnitude greater than what the conventional model predicts for the low-energy particles. In this paper we take into account the influence of quantum effects due to the Heisenberg uncertainty principle for particles in a non-ideal medium elastically interacting with the medium particles.
I. INTRODUCTION
The rates of non-resonant nuclear reactions including fusion processes are determined by kinetic energies of the interacting particles in their center-of-mass system as well as by their distribution in energy and momentum. For moderate temperatures the main contribution to the fusion process is expected from particles with energies several times larger than the plasma temperature.
However, it is well known that in dense environments the quantum uncertainty in the energy of particles associated with their frequent collisions leads to disruption of the unambiguous relationship between the energy and momentum of particles [1] [2] [3] . This results in the appearance of power distributions in the momentum distribution function of particles in dense media. It is particularly interesting to study how these effects in a nonideal plasma contribute to the rates of fusion reactions at moderate plasma temperatures of a few electron volts and densities of about one gram per cubic centimeter
The influence of quantum effects on the equilibrium momentum distribution was investigated by Wigner and others [4] [5] [6] , who found the amendment to the Maxwellian distribution, proportional to the square of the Planck constant. Their result was related to the noncommutativity of the operators of kinetic and potential energy of interaction and suggested an effective "temperature" increasing with the density of particles.
The first results on the power dependence of the equilibrium distribution function (as p −4 )
for real Bose-particles were obtained by Bogolyubov in his famous work on superfluid weakly nonideal Bose-gas [7] (see also [8] ). Similarly, one can obtain the momentum distribution for electrons in the superconducting phase at momenta larger than the Fermi momentum. Later, the result of the power law distribution function for momenta larger than the Fermi value was obtained by Belyakov [9] for electrons interacting with short-range impurities. In 1960
Vosko et al [10] found the distribution function of electrons above the Fermi momentum, taking into account the exchange interaction of electrons. That function decreased beyond the Fermi jump as p −8 .
In 1966 Galitsky and Yakimets [11] showed that the equilibrium momentum distribution of particles acquires a power correction term to the Maxwellian function due to quantum effects. This correction is valid at large momenta that exceed the thermal or the Fermi momentum. For the Coulomb interaction potential, the inverse power dependence on the momentum was equal to eight. In 1975 Kimball proved that in a Coulomb system the asymptotic momentum distribution also includes the eighth degree, regardless of the plasma temperature [12] . In the collision of particles of one species in theory there is an additional factor proportional to the correlation function at zero distance between them. This factor may be of the order of 1/2 for electrons colliding with each other due to the Pauli exclusion principle. For heavy particles such as hydrogen or deuterium nuclei this factor is small in the strongly coupled plasma.
In [13] [14] [15] the authors proposed a simple model using the Lorentz gas concept in which a light particle is scattered by a heavy impurity particle. It was demonstrated numerically that there must be a significant deviation of the distribution function from the Maxwellian form as the result of the quantum corrections. This fact leads to the power law damping of the distribution function, the exponent is also equal to eight for the screened Coulomb interaction. It has been suggested that this effect should influence the reaction rate for these particles. In particular, it should give the nonexponential temperature dependencies of reaction rate constants for inelastic processes.
In the literature [16, 17] there was some criticism, connected with the use of the asymptotical presentation of a single-particle distribution function for calculation of reaction rates, including fusion rates. The problem is that in reality we must use the product of distribution functions over momentum in the laboratory frame for both reacting particles and due to power low tails, not Maxwellian ones, it is hard to perform analytical integration of the reaction cross-section, depending on particles relative momentum in their center of mass.
In this study we simulated the thermonuclear fusion reactions taking into account the impact of this mechanism on the distribution function under conditions that might be realized in a contemporary experiment. The rates of some reactions were calculated. It was shown that in general the reaction rate is determined by the diagram shown in Fig. 1 for the single-particle nonrelativistic kinetic Green's function or generalized distribution of energy and momentum, which corresponds to the escape process of species a and is reduced, in general, to a ten-fold integral. In other words, in the original expression, one should not perform a simple averaging of the reaction cross-section, depending mainly on the relative momentum of particles (rather than energy) for quantum single-particle momentum distribution function. It is also shown that under certain conditions this integral is reduced to a five-fold integral and in the model case to a three-fold integral. In some cases the last A reasonable accuracy of the simplified explicit estimates for the rate constants was shown for these conditions.
From our calculations we predict in important circumstances a significant increase in the rate of neutron yield. In particular, an increase in the rate of d + d reactions may in fact be observable in laboratory testing. We also note possible changes in the reaction rate constant in the plasma of astrophysical objects.
For some reactions the influence of the power corrections was shown to be very significant at relatively low temperatures and high densities of weakly nonideal plasma.
II. CALCULATION OF REACTION RATES IN NONIDEAL PLASMAS
The state and properties of a system are found from the generalized distribution function F (E, p) where E and p are the energy and momentum of the particles. This function should be defined in a factorized form. Further we use kinetic energy to substitute for the momentum so the generalized function can be written as
where n(E) are the occupation numbers and δγ(E − ε) is the spectral function, describing the dependence of the generalized distribution function on energy and momentum. Equation
(1) is the most general representation of the nonrelativistic kinetic Green's function [2, 8] without any assumptions, in which the width of the Lorentzian spectral function δγ is the imaginary part of retarded mass operator of the particle in a medium and energy shift is the real part of retarded mass operator. Consequently, the reaction rate follows from the integration which is formally a twelve-fold construction written as (see Fig. 1 )
Here the subscript indices a and b designate the reacting species. E a and p a are, respectively, the energy and the momentum of particles a, ε a describes the kinetic energy, µ ab is the reduced mass, ω is the interaction energy, h is Planck's constant, and Q a is the energy released in the fusion reaction. The dependencies of the occupation numbers and "±" are subject to proper statistics. Here "−" refers to fermions and "+" to bosons. The actual irreducible dimension of this integral is equal to 10.
For the nonideal plasma, the distribution function contains the Lorentzian which determines the spectral dependence on the kinetic energy:
The scattering linewidth in the Lotentz gas model γ(E, ε) is found from
where N is the number density of the scatterers, σ is the scattering cross section, and V is the collision velocity, determined by energy E.
In Ref. [18] it was noted that, for the gaseous medium approximation, when only binary collisions can be considered, the reaction amplitude is just a function of the momenta before and after their reaction. In our further transformations we use the value of the reaction cross section which depends on the energy in the center-of-mass system. The ratio between the amplitude and the cross section has the form
where p is the momentum of the reacting species a and b in the center-of-mass system:
The reaction cross section is the function of kinetic energy ε p in the center-of-mass system and may be written as in [19] , i.e.
where η = Z 1 Z 2 e 2 /hν is the Sommerfeld factor. It is conventional to use a different form of the cross-section for a non-resonant fusion reaction:
where the Gamow parameter is found from
with Ry = m e e 4 /2h 2 . With a very good accuracy we can approximate it as Ry = 100µ ab Z [keV]. At the same time, the factor S(ε p ) is weakly dependent on energy ε p .
In a dense medium with account for the effects of degeneracy the scattering amplitude for nuclear fusion may depend on the total energy [20] . This leads to corrections proportional to plasma concentration multiplied by the cube of the elastic scattering amplitude, which are low within the gas approximation.
The reaction rate found from (2) is a very general definition formulated for this model.
The modeling procedure is reduced to calculation of the tenfold integral which is a very complicated task. Under conditions when plasma becomes ideal, for example for smaller densities, we may write γ (E, ε) → 0 and δγ (E − ε, ε) can be reduced to the delta function.
For reactions with energy release (Q a > 0), in case of nondegenerate plasma the population numbers are small and n(E) can be neglected as compared to unity. With this simplification the reaction rate obtained from the general equation is the following
In this approximation we also neglect the suppression of transmission for Fermi particles or amplification (condensation) for Bose particles. This is a valid assumption because of small populations in both cases. We further assume that the linewidths of the energy and the kinetic energy distribution profiles, determined by δγ 
The inner integration over ω in this equation can be performed as following:
Now it is easy to obtain the ratio for the delta function arguments:
Let us reduce it to the perfect square by introducing the energy in the center-of-mass system:
so that the integral I q now takes the form
Let us note that variable ε q as well as momentum p is determined by the momenta of colliding particles and does not depend on q. Changing to the variable s = q − p we get
The integration in the latter equation was carried out with the use of the variable ε s = | s| 2 /2µ ab . Now we substitute the result into equation (11) . For the relative velocity of the colliding particles we need to make an account for
As the result we come to
If we use the apparent ratio for the number densities N a and N b this equation can be transformed to the standard form, i.e.
Numerical simulation of a fusion reaction in the light of the above models and the calculation of the reaction rates with (2) and (17) as well as comparison of the results confirmed the correctness of the approximations used in our approach. Table I shows the constants for the model reaction σV ab for values of particles concentration N and temperature T = 2 eV in the region where quantum effects are important. The reaction constants σV ab obtained with the numerical model in which we used equation (2) is designated as V ab σ 10 and the results obtained with equation (17) are denoted as V ab σ 5. The detailed simulation algorithm in the Monte Carlo method is described in the appendix. These results were compared with the analytical estimations based on (73) which is obtained later in this paper. Calculations were performed for the astrophysical factor S (0) = 241 keV barns and the Gamow energy was determined in accordance with the equation (9) as E G = 100 keV. 
III. KINETIC ENERGY DISTRIBUTION FUNCTION WITH QUANTUM COR-RECTIONS
For the nondegenerate plasma the occupation numbers should have Maxwellian distribution over energy at high temperatures:
At the same time the energy distribution function could be derived by integrating the generalized distribution function as shown here:
For the values of the kinetic energy in the range of ε ≤ E 0 , where the threshold energy is significantly greater than the linewidth of the Lorentz function, i.e. γ << E 0 , the Lorentzian can be represented by δ-function with a high accuracy. Therefore, for this energy range the kinetic energy distribution function is f (ε) = n(ε). If the kinetic energy is ε > E 0 , then in order to calculate the integral one should split the integration interval in Eq. (20) into two regions, i.e. the region of small energies of the order of the plasma temperature E 0 : 3kT...5kT
and the rest of the interval. In the region of E > E 0 the Lorentzian can be approximated by the delta function. In the region of small E with account for γ << kT in the asymptotic limit of ε >> kT the denominator of the Lorentzian is approximately ε 2 :
The classic expression for the distribution function is represented by the term
In the range of small E it is necessary to use the Coulomb cross section:
and the expression for width of the Lorentz function which is conditioned by scattering of particle a on plasma particles l:
In the center-of-mass system we write
If we consider the Lorentz gas approximation, i.e. m a ≪ m l , then
where
The cross section for Coulomb scattering of particles a by particles l:
where In a multicomponent medium the line width is determined by the sum of the contributions from different sorts of scatterers (strictly speaking, the sum over l must take into account the particles different from species a, according to the Lorentz model):
Here we introduced the following notation:
In order to calculate the "tail" of the distribution function, we need to substitute the line width from Eq. (30) into integral (21) and write
The influence of the correction to the distribution function is significant only in the asymptotic region of its argument which is the kinetic energy. It should be noted that at low values of the kinetic energy ε ≤ E 0 the distribution function is determined by the classical expression, i.e., the Maxwellian function (22) . For the temperature of 10 eV and the concentration of interacting particles (deuterium ions) N = 10 23 cm −3 the value of the energy threshold parameter can be defined as E 0 = 5kT . In this case, taking into account equation (30) one can male the following estimation: In Figure 3 this contribution is presented as the ratio f qt (E)/f (E) in equation (21) 
where F does not contain singularities at small r. At short distances one can solve the equation (extraction of the singularity at small r)
where a ab is the Bohr radius:
Using this solution one can come to the distribution function by calculating the Fourier transform of the product of the solutions with singularities at the particle species a approaching particles l and m. In the final expression points l and m are to tend to each other. As a result, we obtain the asymptotic momentum distribution function in the following form
It is easy to see that these asymptotics in the framework of the Lorenz model and the Kimball's approach are in good agreement. This agreement takes place independently of the mass of the particles -whether electrons or nuclear particles -and whether or not they are degenerate.
It is interesting to note that. in contrast to the Lorenz model. the Kimball's formulas are valid for an arbitrary mass ratio of the colliding particles. For the scattering of particles of species a on one another we can get, using Kimball's method, the following:
In a nonideal plasma these contributions are small in proportion to the ion-ion correlation function. Contribution to the quantum asymptotic of the distribution function for protons and other ions at expense of their scattering on neutrals and electrons is small due to small cross sections and the square of the reduced mass.
One can compare the asymptotics of the distribution function obtained by Kimball and within the Lorentz model for the interaction potential, which has a singularity near zero distance between the particles:
The Schrodinger equation with such a potential is written as
and has a solution
After calculating the square of the Fourier transform of this solution we obtain
At the same time, from the expression for the quantum correction to the Maxwellian distribution we get
Calculating the scattering amplitude on the potential of this type in the Born approximation we obtain:
which is in agreement with (43).
In addition to the agreement, as noted above, of the asymptotic expression (38) It may also be noted that if electrons are localized within their Bohr radius, with an uncertainty in their momentum and kinetic energy of the order of 13.6 eV, then for deuterons, similarly localized to a Bohr radius (37), the scale of uncertainty of their kinetic energy will be of the order of 50 keV, which is on the scale of energy necessary for fusion to occur.
V. REACTION RATE FOR THE MODEL DISTRIBUTION FUNCTIONS
The reaction rate for the case of the nondegenerate plasma at sufficiently high temperature is determined by averaging the interaction frequency of the particles over their distribution functions. The equation to calculate the reaction frequency is reduced to finding
Here V ab is the relative velocity of particles a and b, ε p is the energy of the particles in the center-of-mass system.
The relation between the energy of the particles in the center of mass coordinate system and in the laboratory system has the form:
In the laboratory system we have
Using equation (47) for calculating the reaction frequency might be easier if one reduces the integral's dimension by performing the angular integration:
Using the same approximation for the distribution function (21), i.e. marking out the power asymptotics, we can rearrange the equation to form convenient for standard numeric integration. The reaction frequency is then split into four terms, which correspond to the terms of the distribution function in the region of small energies and in the asymptotic region.
This equation for the reaction rate constant can be used in calculations of fusion reaction rates. Along with equations (2) and (17) this expression is the next order approximation suitable for numeric modeling of fusion reactions.
We change the variables of integration from the momenta to energies and substitute expression (33) for the asymptotic distribution function. As a result we obtain:
Further calculations of constants for the reaction with the use of this model are denoted as V ab σ 3. The last formula takes into account that the part of the distribution function conditioned by the quantum effects is f qt (ε) = 0 in the range of low kinetic energies.
Equation ( estimations it is possible to assume that the reduced energy in the center of mass ε p does not depend on ε a . The integral to this argument is evaluated as:
In order to estimate the last or the fourth term in (52) we can calculate the ratio of its value to the value of the second term. Given the recent relation obtained we get:
This ratio is obtained for the values Σ ab ∼ N ∼ 10 23 cm 3 and E 0 = 5kT = 5 · 10eV . Note that the latter estimate is consistent with the relation (34).
VI. REACTION RATE IN A LORENTZ GAS
Let us perform calculation of reaction rates conditioned by different energy ranges (the argument of the distribution function). The reaction frequency for particles of species a and b in the Lorentzian gas approximation, i.e. motionless target particles, is reduced to the following calculation:
Substituting the distribution function, we obtain:
Calculating the terms separately, we get:
The reaction rate determined by the asymptotic part of the distribution function is found from
When calculating the rate of fusion of identical particles, such as dd reaction, in the centerof-mass system for particles of equal masses and equal energies we have:
Finally, we come to
The intermediate integral used in this equation has been calculated as following:
In this calculation we performed the change of variables:
In the center-of-mass for particles of identical masses but different energies, such as ε a >> ε b
we have
Finally, for such a case we get
Given the equal masses of particles we get
VII. ANALYTICAL ESTIMATES FOR REACTION RATES FOR MODEL DIS-TRIBUTIONS WITH QUANTUM EFFECTS
For the integrals in the second and third terms in (52), different ranges of ε a and ε b are essential. For the second term the integrand is close to 0 if the energy is greater than the temperature, i.e. outside the interval 0 < ε a < 3kT For variable ε b this integral area is significantly wider. In the third term variables ε a and ε b interchange.
Let us now consider the second term. We assume ε a << ε b taking into account the significant range of energies of different particles. Then the energy in the center of mass can be represented by
If we substitute this expression into the second term in (52) it turns out that the rate and the cross section do not depend on the angle between the velocity vector and the integral is reduced to
We can practically perform similar transformations as earlier but here we have
For the third tern in (52) we get
Thus, the reaction rate corrected with the quantum tail contribution is equal to
In the sums of the last formula the summation index l should stand for all particles of the medium except for species a or b respectively. It follows from (39) and the following comments. Because of the small correlation function of identical particles, the quantum corrections corresponding to such scattering are also small.
Let us note that the reaction rate constant determined for the tails of the distribution function and represented as (72) does not depend explicitly on temperature. As noted above, this is due to the fact that in the asymptotic region the tails of the distribution function do not depend on temperature. At the same time it should be noted that temperature defines the ionic composition of the plasma. Therefore, the temperature dependence of the distribution function is extremely important and is determined by the terms in brackets in Thus, we have given proof of the validity of the approximate approach, which consists in averaging the cross sections found using the quantum corrections to the momentum distribution functions of the reacting particles. The accuracy of this approach is discussed further below where the results of calculations are shown for the full formula (2), simplified equation (17), and approximate analytical estimations (57) and (70). This eliminates the issues raised in the paper [16] on the validity of such a method.
From (72) we can estimate the rate constant for fusion of deuterons taking 49.6 keV barn for an astrophysical factor S(0) and to 99.9 keV for the Gammov energy E G . Calculating the scattering cross section at E G as well as estimating the velocity of the particles appearing in the reaction rate, we find that the collisional width of the gamma at the density of scattering particles of the order of 3 × 10 23 cm −3 appears to be about 10-6 eV and the reaction rate constant turns out to be of the order of 10-28 cm 3 c −1 .
In a coupled plasma the Maxwellian contribution to the reaction rate is specified to make an account for screening of the Coulomb potential [17, [21] [22] [23] . The corresponding generalized expression is obtained, for example, by replacing the exponential Sommerfeld factor in equation (7) with the semiclassical tunneling probability through the screened potential barrier:
where r n and r l are classic stopping points and Z a Z b e 2 /r − H (r) is the interaction potential with allowance for screening effects. It may be noted that the progress in the theory of the subbarrier tunneling, connected with the problem of heavy ion fusion, was analyzed in [24] . It must be noted that for the quantum correction the screening effects can be ignored because the screening energy is of the order of H(0), and is therefore small compared to the Gamow energy E G , which determines the "tail" contribution to the value of reaction rates.
VIII. MODELING OF FUSION REACTIONS
Nuclear fusion reactions occur at an appreciable rate in conditions of hot plasma. This is primarily the plasma in stars; in particular, it is the plasma in the solar interior. From the models considered in this paper, the quantum effects can also predict the increase in the rate of reactions in plasmas of moderate temperatures but high densities. By monitoring the synthesis reaction, this increase might be observed for suitable parameters. In order to determine these parameters, we calculated the fusion rates for different conditions. It is also interesting to do some revision of processes in the interiors of stars, to re-evaluate the contribution of various processes to the release of fusion energy, and ultimately to the evolution of stars. Table II shows the constants, which were calculated for the fusion reaction p + p → D + e + + ν at three points along the solar trajectory, from the central part to the periphery.
In the table we show the constants calculated numerically: V ab 3, V ab 5, V ab 10 as well as analytical estimations of constant for the reaction, which were calculated using equation (58) (Classic rate), the quantum correction of constant for the reaction, which were calculated with equation (73) (Quantum correction), and the sum of these two values (Full rate). As one can see the calculations performed for different models are in a satisfactory agreement with each other.
Another conclusion to be drawn from the results presented in this table is that the influence of the quantum effects is notable for this reaction only in a distant region from the Sun center. But in this region the fusion rate is much lower than in the central region, so the influence of the quantum corrections brings no effect on the energy balance for this reaction and synthesis of deuterons in the solar interior. Our simulations were carried out using the data on the astrophysical factor from [31] .
An example of the reaction with the rate greatly influenced by the quantum corrections is the reaction of the hydrogen cycle: 3 He + 3 He → 2p + 4 He. Table III shows the rate constants calculated for the same points of the solar trajectory. In calculations of these rates the value of the astrophysical factor was taken from [32] . [33] [34] [35] . If we take deuterium, compressed to a pressure of the order of megabars, we can make the following prediction: in pure deuterium, in which there is a noticeable degree of dissociation and ionization due to pressure ionization, the reaction rate will be very small in these conditions because of the factor g(0) in (39), which in turn is small in a strongly coupled plasma. If deuterium is diluted with an extraneous gas, such as a different isotope of hydrogen, helium, etc., then there will be terms in the D + D reaction rate due to scattering on a buffer gas, which can lead to an observable neutron yield of about 10 8 to 10 10 neutrons per pulse of about 1 microsecond length. The result strongly depends on the ion composition and possibility of the plasma phase transition in strongly coupled plasmas.
As another example, we present calculations for a mixture of deuterium and xenon, which can create a shock wave with a speed exceeding 5 km/c and create a plasma with temperature of 5−10 eV in the reflected wave. Calculations of the plasma parameters for these conditions were kindly provided by V.K. Gryaznov. As this table shows, the temperature of the plasma in such conditions is more than 2 orders of magnitude lower than the temperature of the Sun plasma. The plasma density is sufficiently high. Under the conditions of shock compression of Xenon is 2 to 3-times ionized as a result of pressure ionization [32] . The calculations used data on the astrophysical factor of the reaction of [36] .
For the conditions of the shock experiments it would be important to estimate the relaxation time of the distribution function. In [3, 11] it was suggested, that the only binary elastic scattering must be taken into account to study relaxation of the nonequilibrium distribution function. It is the Coulomb type collision for the plasma in a shock wave. The cross section for these collisions decreases with increasing energy. So the elastic scattering frequency for the kinetic energy is of the order of the Gamow energy. When the fusion reaction is realized distinctly, it may be estimated as:
Then the upper level of the relaxation time is τ ≈ (N σ t V ) −1 with the data from Table IV .
In this case it may be estimated as about 1 ns to 10 ns. In [37] the period of relaxation of the nonequilibrium distribution function was calculated more precisely. The model, used in this paper, permits an analysis of the relaxation process for all velocities, including formation of the distribution function tail. In this paper for the various dependencies of the elastic scattering cross section on energy it was obtained that the time of the equilibrium setting is larger, up to factor 6, than that of the elastic collisions. This estimation was obtained for the energy equal to the kinetic temperature. The calculated value of relaxation is less than 1 ns.
Thus, for estimating the fusion reaction, it can be seen that the collisions in the plasma of the shock experiments are effective in bringing the distribution function to equilibrium during the hydrodynamical process with the characteristic time of < 1 µs. 
IX. CONCLUSIONS
In this paper we analyzed the influence of quantum effects on the rate of fusion reactions.
As a result of frequent collisions of particles in a dense plasma there disappears the complete correspondence between the total and kinetic energy of the particle, the generalized distribution function, thus, depends on both the total and the kinetic energy of the particle.
The momentum distribution function has the power dependence on the kinetic energy in the asymptotic region. Carrying out the averaging over the distribution function to calculate, for example, the fusion reaction rate leads to a notable increase in reaction rate as compared to the calculations using the Maxwellian distribution function. We created numerical models for various conditions of the reactions and carried out calculations in a wide range of plasma parameters. The use of the approximate analytical estimates obtained under the averaging procedure has been validated.
In addition, the ranges of parameters where the most pronounced quantum effects are expected are shown. Two experiments are identified that might demonstrate quantum effects:
one, by comparing DD reaction rates in densely compressed cold deuterium plasma with or without a buffer gas; and, two, by arranging for a shock wave in mixtures of Deuterium and
Xenon.
The presence of quantum tails is also evident in the vibrational kinetics of low-temperature plasma. It increases the rate of V-T relaxation, as shown in [3] . This result of the theory is in a very good agreement with the experimental data under normal conditions. The theory also predicts the reduction of the induction time for ignition of hydrogen-oxygen and hydrogen-air mixtures at pressures above 5 atm and at temperatures below 1000 K.
in detail the computation of the integral, which reduces the calculation of the reaction rate for the non-degenerate distribution function (17) :
In accordance with the foregoing notes, in integration over the variables E a , E b we use n (E a ), n (E b ) as probability density functions, and over the variables ε a , ε b -functions of the spectral particle characteristic δγ a (E a − ε a , ε a ) and δγ b (E b − ε b , ε b ).
In accordance with the technique used in this paper we will decompose the factors into terms corresponding to the probability density and a factor, the average value of which is to be calculated. The following expressions describe for the probabilities of random variables,
i.e. the variables of integration (A1) with the selected probability density:
Here S ψ (z) is the probability of a random variable to be in the range with the upper limit of z, the factors α ψ are the normalizing factors that ensure the implementation of the normalization condition for the probability of the variable denoted by the index ψ.
Distribution of random variables with a given probability density is performed using the standard methods. It is necessary to find a solution for the system of nonlinear equations:
where index ψ runs over all the values corresponding to different variables of integration, u ψ are random variables uniformly distributed over the range [0, 1] . Variables E a , E b , x can be determined from one of the equations in system (A2), (A4), and (A6). The selected probability densities for variables ε a , ε b contain other integration variables in addition to their "own" variables. Therefore, during simulation of these random variables, we have to solve the system of two nonlinear equations (A3) and (A5) applying the method of iterations.
The value of integral (A1) is found as the average value of the expression:
with variables ε a and ε b as well as values of V ab and σ(ε p ) contained in this sum determined by the above-described drawing of random variables.
